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We reconsider the tensionless limit on bosonic closed string theory, where the 3d Bondi-Metzner-
Sachs (BMS) algebra appears as symmetries on the worldsheet, as opposed to two copies of the
Virasoro algebra in the case of the usual tensile theory. This is an ultra-relativistic limit on the
worldsheet. We consider the induced representations of the BMS algebra in the oscillator basis
and show that the limit takes the tensile closed string vacuum to the “induced” vacuum which is
identified as a Neumann boundary state. Hence, rather remarkably, an open string emerges from
closed strings in the tensionless limit. We also follow the perturbative states in the tensile theory in
the limit and show that there is a Bose-Einstein like condensation of all perturbative states on this
induced vacuum. This ties up nicely with the picture of the formation of a long string from a gas
of strings in the Hagedorn temperature, where the effective string tension goes to zero.
PACS numbers:
Introduction. The very recent first visual evidence of the
existence of black holes has reignited interest in the field
of gravity and what lies beyond Einstein’s theory even
in the non-scientific world. Quantum gravity has been
the Holy Grail of modern theoretical physics for several
decades now. Of the explored avenues, string theory re-
mains the most viable framework to construct a quan-
tum theory of gravity. String theory is endowed with
an intrinsic length-scale, the tension of the fundamental
string T0 =
1
2piα′ . In the infinite tension limit, string the-
ory reduces to a quantum field theory and hence loses
its stringy-ness. The other extreme limit, the tension-
less one, hence explores the ultra-stringy nature of string
theory, where the quantum effects of gravity would be
the strongest. In this note, this is the regime we are
interested in.
The tensionless regime of string theory has long been
the source of great intrigue. This singular limit is the
analogue of the massless limit of the point-particle and
the strings, as in the point particle case, become null [1].
In this limit, it has been long speculated (see e.g. [2]) that
the distinction between closed and open strings become
blurred. In this note, we put forward concrete calcula-
tions based on the underlying worldsheet symmetries of
the tensionless string, to show how, contrary to conven-
tional wisdom, open strings emerge from closed strings in
the tensionless limit. We also find a surprising condensa-
tion of all perturbative closed string degrees of freedom
on the emergent open string, leading us to speculate that
this is the indication of a phase transition.
Classical Tensionless Closed Strings. We start with a
quick recap of the important features of the classical ten-
sionless closed string theory. The Polyakov action for
bosonic tensile string theory is
S = −T
2
∫
d2ξ
√−ggαβ∂αXµ∂βXνηµν . (1)
The action is invariant under worldsheet diffeomorphisms
and gauge fixing is required. It is convenient to fix the
conformal gauge gαβ = e
φηαβ , but there is still some
gauge symmetry left over. This residual symmetry is
given by two copies of the Virasoro algebra with genera-
tors Ln, L¯n following:
[Lm,Ln] = (m− n)Lm+n + c
12
m(m2 − 1)δm+n,0. (2)
The signature of the tensionless limit is that the world-
sheet metric gαβ degenerates as we take tension to zero.
This can be explicitly shown by looking at the Hamilto-
nian formulation when one equates the phase space ac-
tion to the Polyakov form [3]. We implement this by
replacing T
√−ggαβ by V αV β where V α is a vector den-
sity. The action in the T → 0 limit then becomes [3]
S =
∫
d2ξ V αV β∂αX
µ∂βX
νηµν . (3)
This action is again invariant under world-sheet diffeo-
morphisms and one needs to fix gauge. In the tensionless
analogue of the conformal gauge V α = (1, 0), there is
again a residual symmetry, which in this case turns out to
be the 3d Bondi-Metzner-Sachs algebra (or equivalently
the 2d Galilean Conformal Algebra) [3–5]:
[Lm, Ln] = (m− n)Lm+n + cL
12
m(m2 − 1)δm+n,0,
[Lm,Mn] = (m− n)Mm+n + cM
12
m(m2 − 1)δm+n,0,
[Mm,Mn] = 0. (4)
This algebra also appears as the asymptotic symmetries
of 3d flat spacetimes at null infinity [6] (thus has been
used in studies of holography in flat spacetimes, see e.g.
[7, 8]) and also in non-relativistic conformal systems [9,
10]. In eq (4) above, cL, cM are central charges consistent
with Jacobi identities.
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2In the tensionless limit, the fundamental string grows
long and floppy, and the length of the string becomes
infinite. For the co-ordinates on the world-sheet, this
limit is best viewed as [5]
τ → τ, σ → σ, with → 0. (5)
This is an ultra-relativistic (UR) or Carrollian limit on
the worldsheet [5, 11], where the (worldsheet) speed of
light goes to zero. It can also be thought of as an infinite
boost that makes an ordinary string into a null string. In
terms of the generators, this takes the form:
Ln = Ln − L¯−n, Mn = (Ln + L¯−n). (6)
We now turn to mode expansions of the bosonic tension-
less string. In the V α = (1, 0) gauge, the action can be
used to derive equations of motion and constraints:
∂τ
2Xµ = 0; (∂τX)
2 = ∂τX · ∂σX = 0. (7)
The EOM can be solved to yield the mode expansion
[12]:
Xµ(σ, τ) = xµ+
√
2c′Bµ0 τ+
√
2c′
∑
n 6=0
i
n
(Aµn − inτBµn) e−inσ
(8)
Here we have already put in closed string boundary con-
ditions Xµ(σ, τ) = Xµ(σ + 2pi, τ). Defining
Ln =
∑
m
A−m ·Bm+n, Mn =
∑
m
B−m ·Bm+n (9)
the constraint equations in (7) become
T(1) =
∑
n
(Ln − inτMn) e−inσ = 0, (10a)
T(2) =
∑
n
Mn e
−inσ = 0. (10b)
These combinations are the energy-momentum tensors of
a 2d BMS invariant field theory and can be derived just
from the symmetry algebra. The classical algebra of the
oscillator modes (A,B) is:
{Aµm, Aνn} = {Bµm, Bνn} = 0, {Aµm, Bνn} = −2imδm+nηµν .
(11)
This is not the algebra of harmonic oscillator modes.
This will be an important point as we go forward. One
can obtain the mode expansion (8) by looking at the ten-
sile mode expansion and using the limit (5). This relates
the tensile oscillators (α, α˜) to (A,B):
Aµn =
1√

(αµn − α˜µ−n), Bµn =
√
(αµn + α˜
µ
−n). (12)
It can be easily seen that using (9) and the above relation
(12), we get back (6).
BMS Representation Theory. We now turn to the rep-
resentation theory of the symmetry that underlines the
theory of tensionless strings, viz. the BMS3 algebra. Rel-
evant work in this direction includes [13–15]. An impor-
tant class of representations for the BMS3 algebra is the
so-called massive modules [15]. The Hilbert space of such
a module contains a wavefunction |M, s〉 satisfying:
M0|M, s〉 = M |M, s〉, L0|M, s〉 = s|M, s〉; (13a)
Mn|M, s〉 = 0, ∀n 6= 0. (13b)
This defines a 1d representation of the subalgebra of
BMS3 spanned by {L0,Mn, cL, cM}. This can be used
to define an induced BMS module with basis vectors
|Ψ〉 = Ln1Ln2 . . . Lnk |M, s〉. (14)
Here n1 ≥ n2 ≥ . . . ≥ nk are integers which can be both
positive or negative. We wish to now understand how this
is related to the parent 2d CFT representations. In the
highest weight representations of the Virasoro algebra,
primary states |h, h¯〉 are given by:
L0|h, h¯〉 = h|h, h¯〉, L¯0|h, h¯〉 = h¯|h, h¯〉; (15a)
Ln|h, h¯〉 = 0 = L¯n|h, h¯〉, n > 0. (15b)
Following the UR limit (6), this translates to(
Ln +
1

Mn
)
|h, h¯〉 =
(
L−n − 1

M−n
)
|h, h¯〉 = 0, n > 0.
(16)
In the limit → 0, this gives (13), along with the identi-
fication:
M = (h+ h¯), s = h− h¯. (17)
So highest weight representations of 2d CFTs become
induced representations of BMS invariant field theories
in the UR limit. In terms of the oscillator modes, the
induced modules are defined by
Bn|M, s〉 = 0, ∀n 6= 0, B20 |M, s〉 = M |M, s〉. (18)
Tensionless strings and induced representations. We
had remarked that the (A,B) oscillators were not in a
harmonic oscillator basis. To rectify this, we define:
Cµn =
1
2
(Aµn +B
µ
n), C˜
µ
n =
1
2
(−Aµ−n +Bµ−n) (19)
The algebra of the modes now becomes that of two de-
coupled harmonic oscillators:
[Cµm, C
ν
n] = mδm+n,0η
µν , [C˜µm, C˜
ν
n] = mδm+n,0η
µν .
The tensile and tensionless raising and lowering operators
are related by
Cµn() = β+α
µ
n + β−α˜
µ
−n
C˜µn() = β−α
µ
−n + β+α˜
µ
n. (20)
3where
β± =
1
2
(√
± 1√

)
(21)
It is clear that since there is a mixing of tensile raising and
lowering operators in C, C˜, the C vacuum |0〉c defined by
|0〉c : Cµn|0〉c = 0 = C˜µn|0〉c ∀n > 0. (22)
is different from tensile vacuum |0〉α which in turn is
defined by
|0〉α : αµn|0〉α = 0 = α˜µn|0〉α ∀n > 0. (23)
Let us now turn our attention to the vacuum in the in-
duced representation, which we denote by |I〉. We have
Bµn |I〉 = 0, ∀n. (24)
Since there is no ordering ambiguity in M0 when acting
on this vacuum, the mass of the induced vacuum has to
be zero. In terms of C oscillators, the induced vacuum
conditions are:
(Cµn + C˜
µ
−n)|I〉 = 0, ∀n. (25)
This is the condition of a Neumann boundary state and
the solution is given by
|I〉 = N
∞∏
n=1
exp
(
− 1
n
C−n · C˜−n
)
|0〉c (26)
where N is a (infinite) normalisation constant.
From closed to open strings. The relation between the
C-oscillators and the α-oscillators is a Bogoliubov trans-
formation on the worldsheet:
αµn = e
iGCne
−iG = cosh θ Cµn − sinh θ C˜µ−n, (27)
α˜µn = e
iGC˜ne
−iG = − sinh θ Cµ−n + cosh θ C˜µn ,
where
G = i
∞∑
n=1
θ
[
C−n.C˜−n − Cn.C˜n
]
, tanh θ =
− 1
+ 1
. (28)
We can use this to relate the two vacua:
|0〉α = exp[iG]|0〉c (29)
=
(
1
cosh θ
)1+1+... ∞∏
n=1
exp[
tanh θ
n
C−nC˜−n]|0〉c
Using the regularisation: 1 + 1 + 1 + . . .∞ = ζ(0) = − 12 ,
we finally get
|0〉α =
√
cosh θ
∞∏
n=1
exp
[
tanh θ
n
C−n · C˜−n
]
|0〉c (30)
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FIG. 1: Formation of open strings from closed strings.
From the point of view of |0〉c, |0〉α is a squeezed state.
Now let us elucidate how an open string emerges from
a closed string as we take tension to zero. When  = 1,
tanh θ = 0, and we have |0〉α = |0〉c. This is the closed
string vacuum. As  changes from 1, from the point of
view of the C observer, the vacuum evolves. It becomes
a squeezed state as shown in (30). In the limit where
→ 0, we have tanh θ = −1. The relation is thus:
|0〉α = N
∞∏
n=1
exp
[
− 1
n
C−n · C˜−n
]
|0〉c (31)
This is exactly the induced vacuum |I〉 that we introduced
in (24)–(26). As we mentioned there, this is a Neumann
boundary state. This is thus an open string free to move
in all dimensions [35]. We have thus obtained an open
string by taking a tensionless limit on a closed string the-
ory. Physically, how this is happening can be visualised
as in Figure (1).
An open string with Neumann boundary conditions in
all directions can also be interpreted as a space-filling
D-25 brane. An intuitive picture of how a closed string
becomes a spacefilling brane is shown below in Fig. (2).
Decreasing string tension
Tensile 
closed string String grows longer and fills out spacetime as tension decreases
Space-filling 
D-brane 
tension = 0tension = 12πα′ 
FIG. 2: Formation of spacefilling D-brane from closed
strings.
Computing the central charges of the residual symme-
try algebra in this induced vacuum |I〉, we are led to
conclude that cL = cM = 0. For cM = 0, we can use an
analysis of null vectors in the BMS3 algebra to show that
4there is a truncation of the algebra to its Virasoro sub-
algebra [10]. Thus in this case, when we dial  away from
1, the symmetry algebra stays two copies of the Virasoro
algebra, until it reaches  = 0, where it becomes BMS3,
which in turn reduces to a single copy of the Virasoro due
to the absence of the central term cM . So even from this
perspective, there is a clear hint of an open string ap-
pearing from the closed string worldsheet as the tension
is dialled down to zero.
Bose-Einstein Condensation on the Worldsheet. We
now describe a novel process by which this emergent open
string is formed from the states of the tensile closed string
theory. Consider any perturbative state in the original
tensile theory |Ψ〉 = ξµναµ−nα˜ν−n|0〉α where ξµν is a po-
larisation tensor. Let us attempt to understand the evo-
lution of the state as  → 0. Close to  = 0, the alpha
vacuum can be approximated as follows:
|0〉α = |I〉+ |I1〉+ 2|I2〉+ . . . .
In this limit, the conditions on the alpha vacuum
(αn|0〉α = α˜n|0〉α = 0, n > 0) translate to:
Bn|I〉 = 0, ∀n 6= 0; (32)
An|I〉+Bn|I1〉 = 0, A−n|I〉 −B−n|I1〉 = 0, n > 0.
One can now take this limit on the state |Ψ〉 =
α−nα˜−n|0〉α (where now we have suppressed the space-
time indices) which is now rewritten as
|Ψ〉 = 1

(B−n + A−n) (Bn − An) (|I〉+ |I1〉+ . . .).
Using the commutation relations and (32), we can show
|Ψ〉 → K|I〉 as → 0, (33)
where K is a level dependent constant: K = 2nηµνξµν .
Thus, all perturbative closed string states condense on
the open string induced vacuum. This condensation is
like a Bose-Einstein condensation on the worldsheet and
is indicative of a phase transition. A point to note here
is that this is independent of the level of the state and
hence very high energy perturbative states also condense
to this vacuum.
Connections with Hagedorn Physics. Let us remind the
reader that the framework of tensionless strings is useful
for addressing questions of string theory near the Hage-
dorn temperature TH . The Hagedorn temperature is the
point where the partition function of the single particle
states in string theory blows up and it has been long
speculated that this is indicative of a phase transition
to a new phase where very different degrees of freedom
arise [16]. When looking at the theory of free strings, the
Hagedorn phase transition can be understood as follows.
This is the regime where it become thermodynamically
favourable to form a long string as opposed to heating
Decreasing String Tension
Usual tensile 
string spectrum
(Smaller lines indicate states at different levels)
Spacing decreases with tension, but no qualitative change
Bose-Einstein 
condensate in 
the tensionless 
limit
FIG. 3: BE condensation on the worldsheet.
up a gas of strings [17, 18]. Strings near the Hagedorn
temperature become effectively tensionless [19, 20]:
Teff = T0
√
1− T
2
T 2H
(34)
Here Teff is the effective tension, T0 = 1/2piα
′ is the usual
tension of the string, and T is the temperature of the
system. We propose that the induced vacuum |I〉 is the
emergent long string from the point of view of the world-
sheet.
The Bose-Einstein condensation on the worldsheet de-
scribed above is also the worldsheet manifestation of the
Hagedorn phase transition. This seems to be at odds
with the observation that the BE condensation is some-
thing that happens at absolute zero while the Hagedorn
phase transition is a very high energy phenomenon. To
clarify this, we remind the reader that the Hagedorn tem-
perature is related to the string tension: TH = 12pi√2α′ .
So the tensionless limit, which is α′ →∞, from the point
of view of the worldsheet, drives the Hagedorn tempera-
ture to zero and hence relates to the above described BE
condensation.
Summary and Future Directions. We have shown the
rather remarkable emergence of an open string from
closed strings in the tensionless limit in the context of
bosonic string theory and also shown that there is a con-
densation of all perturbative closed string modes to form
this open string. It would be of interest to take this
beyond bosonic string theory and generalise to the case
of superstrings. From the point of view of the world-
sheet, there are two different classical manifestations of
the tensionless superstring, which arise from two different
contractions of the fermionic generators, which have been
dubbed the homogeneous [21, 22] and the inhomogeneous
tensionless superstring [23]. We wish to examine both
these limits and study the analogue of the induced rep-
resentations of the underlying super BMS algebras and
see what emerges in the quantum regime.
The classical aspects of the tensionless strings, we be-
lieve, is now well understood and the central feature is
the emergence of the BMS algebra on the null worldsheet.
5The Riemannian structure of the tensile worldsheet is
replaced by an emergent Carrollian structure. This is
similar to what happens for other null surfaces, like the
null boundary of flatspace [24–26] and also black hole
horizons [27]. But the quantum mechanical structure is
much more intricate. We have, in this paper, shed light
on one of the possible vacua, the induced vacuum. De-
pending on the choice of vacuum structure, the resulting
quantum theory would be very different. A detailed ex-
position of this would be presented in a companion paper
[28]. There we would also elaborate on other aspects of
the induced vacuum.
We have just skimmed the surface of the representa-
tion theoretic aspects of the underlying BMS algebra for
the tensionless string. There has been a recent resur-
gence of flat space physics relating asymptotic symme-
tries with soft theorems and memory effects (see e.g. [29]
for a review). The story in three spacetime dimensions
has not yet been properly fleshed out [36], and this is in
part because of the lack of physical degrees of freedom of
gravity in bulk dimensions d = 3. The interplay between
BMS symmetries and soft theorems in d = 3 would have
very interesting consequences for the study of tensionless
strings. The analogues of soft theorems on the worldsheet
may tie in with the infinite number of relations between
string amplitudes in the very high energy or equivalently
the tensionless limit of strings [30–32]. These remain ac-
tive lines of inquiry and we hope to shed light on these
aspects in the future.
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